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I. INTRODUCTION
A dense neutron matter is an example of the system which can exhibit strong correlations of quasiparticles (QP) degrees of freedom. The enhancement of QP interaction is revealed [1, 2] in the vicinity of π 0 condensation point (PCP) [3] where the system acquires a condensate of spin-isospin excitations with quantum numbers of the π 0 meson. The microscopic calculations [4, 5] predict the critical density value ρ c ≃ 0.2 fm −3 for the PCP in neutron matter. This means that in a typical neutron star with the center density of 0.5−1.0 fm −3 a significant part of stellar bulk should exist in a pion condensate phase.
The non-Fermi liquid topology of the ground state QP momentum distribution n(p) in the vicinity of PCP was first uncovered in [2] . With the increase of the density ρ towards the PCP value ρ c the QP spectrum ε(p) (measured from the chemical potential µ) becomes a nonmonotonic function and at certain density ρ b manages to touch the momentum axis at some point p b (see Fig. 1 left panel). This situation is associated with a quantum critical point (QCP) [6] at which the single particle density of states diverges [7] . Beyond the QCP, the Landau state with the Fermi step QP distribution n FL (p) = θ(p F − p) becomes unstable, violating the necessary stability condition
Here dυ = d 3 p/(2π) 3 is the volume element in the momentum space and the factor two stands for summation over spin projections. The constraint (1) requires a positive change of the total system energy E[n] for any admissible variation δn(p) of the QP momentum distribution that conserves the density A new state appears with a "bubble" (unoccupied region) in the momentum distribution, which has several sheets of the Fermi surface (see Fig. 1 right panel) . To our knowledge, such state was first discussed in [8] and the one bubble existence problem was studied in [9] [10] [11] . Further developments concerning multi-bubble states can be found in [12, 13] .
All reconstructions of the QP momentum distribution in strongly correlated Fermi systems that cause a change of the Fermi surface topology are generally referred [14] as topological phase transitions (TPT). It should be noted that besides the bubble scenario, there is another type of TPT which is called the fermion condensation [15] [16] [17] . In such TPT the QP spectrum acquires a flat band ε(p) = 0, p ∈ [p i , p f ], and the Fermi surface changes its dimension. The relation between the bubble and the fermion condensation scenarios is discussed in [18] .
Going back to the neutron matter problem, we stress that a bubble formation beyond the QCP is quite important for the physics of neutron stars cooling. Indeed, a new sheet of the neutron Fermi surface, with a low value of the corresponding Fermi momentum, plays an important role for an operation of the direct Urca processes: n → p + e − +ν e , p + e − → n + ν e . In cores of neutron stars this processes are generally con-sidered to be forbidden [19] due to the kinematic restriction for the Fermi momenta of the involving particles: p Fn ≤ p Fp + p Fe . In the typical density range of the core ∼ 1 − 2 ρ 0 (ρ 0 ≃ 0.16 fm −3 is the normal nuclear density) the proton fraction not exceeds 6 − 8%, and the r.h.s. of the kinematic equality is estimated by ∼ 0.8 p Fn . The appearance of the new sheet of the Fermi surface at the point p (1) Fn < 0.8 p Fn allows to agree the kinematic restriction. This mechanism was considered in [2, 20] as a possibility of the enhanced cooling of some neutron stars (e.g. Vela, Geminga, 3C58).
II. QUASIPARTICLE APPROACH NEAR PION CONDENSATION POINT

A. General relations
We begin with a concise discussion of a method for describing neutron matter near the PCP. It is based on an implementation of the Landau-Migdal QP approach to strongly correlated Fermi systems that is reviewed in details [21] . The QP spectrum and the momentum distribution can be found from the set of equations:
2 n(p) dυ = ρ .
The first equation is the Landau relation for the QP spectrum and the interaction amplitude f in homogeneous systems. It is based on the translational invariance [22] . The quantity m is the free neutron mass. The second equation is the Fermi-Dirac statistic formula, where T is the temperature. The last one is the normalization condition including the neutron matter density ρ. The QP interaction amplitude is identified [22] with the ω-limit of the vertex function Γ
where Z is the residue of the single particle Green function and σ αγ stands for Pauli spin matrices. Accord-
The main contribution to the QP interaction amplitude.
ingly to [1] , the most singular contribution to the vertex function near the PCP comes from an exchange by a soft spin-isospin collective mode. The direct and the exchange graphs of the interaction are shown in Fig. 2 . After taking the k → 0 limit, the contribution of the exchange graph (the second one) still shows a strong dependence on the relative momentum p 1 − p 2 . Thus, the QP interaction amplitude reads [2] :
where J αδ is the interaction vertex of nucleons and pions in neutron media, D is the π 0 propagator, and the general argument of operators is out of brackets.
B. Topological phase transitions
As it is discussed in [3] , the spectrum ω(q) of π 0 -like QP excitations in neutron matter is given by a particular poles branch of the π 0 propagator. The behavior of the branch depends on the density ρ as a parameter. Pion condensation occurs at the ρ c value when the excitation energy vanishes, ω(q c ) = 0, together with its derivative, ∂ω(q c )/∂q = 0, at a certain momentum q c . As a consequence, at the PCP the following conditions are valid:
Using the Taylor expansion of D −1 in the vicinity of PCP, the interaction amplitude f , entering in Eq. (3), can be written [2, 20, 23] in the form
Here g is an effective coupling constant and κ 2 (ρ) ∝ (ρ c − ρ) is an effective radius in momentum space. Previous investigations [23] were focused on the ground state topology, while g, q c , κ quantities were regarded phenomenologically as free parameters. For convenience of readers, we present in Fig. 3 a topological phase diagram in q c , κ variables obtained in that work. The label FL corresponds to the Fermi liquid state and LB i , to states with i sheets of the Fermi surface. A change of the density ρ leads to a change of the system position (q c , κ) on the diagram. Transitions between different regions of the phase diagram represent TPT that can happen in neutron matter. Until recently, all such TPT were considered [18, 21] to occur continuously according to violation of Eq. (1). However, it's not the only possibility and an attentive investigation [24] within the model (9) showed the existence of first order TPT. Such scenario of the Fermi surface reconstruction in a homogeneous isotropic Fermi system was first revealed [25] in a model of strongly correlated 2D electron gas beyond the QCP. Below, we present a detailed analysis of possible TPT for the neutron matter problem. 
III. SEMI-MICROSCOPIC QP INTERACTION AMPLITUDE
The above discussion of TPT relied on the phenomenological description (9) of the QP interaction amplitude. It is possible to convey neutron matter physics near the PCP in a more direct way. A semi-microscopical expression for the QP amplitude can be derived by use of the microscopic formula (7) .
The bare π 0 -nucleon interaction vertex is given [26] by
where f ≃ 1 is the dimensionless π 0 -nucleon coupling constant, m π is the pion mass and τ 3 is the diagonal isospin matrix. The vertex renormalization in neutron matter is due to nucleon-nucleon correlations that can be described by means of the Landau-Migdal amplitude [27] 
Here p 0 = 1.5π 2 ρ 0 1/3 is the Fermi momentum in equilibrium nuclear matter and m * is the effective nucleon mass. Accordingly to [3] , the renormalized static vertex reads
(12) The function χ st N N (q) is the static susceptibility of free QP proportional to the Linhard function:
where p F = 3π 2 ρ 1/3 is the neutron Fermi momentum.
The pion propagator is connected with the polarization operator:
. The microscopic description of the pion polarization operator is a quite subtle matter [26] , and we use here the semimicroscopical representation [28] 
The first term describes processes of particle-hole excitations where nucleon-nucleon correlations are taken into account by the denominator. The second term is a phenomenological one and describes ∆-resonance-hole excitations. The S-scattering processes in neutron matter are neglected. Finally, one arrives at the formula
where the polarization operator is given by (14) . It is worth to remark that the momentum dependence is entirely given through the relative momentum value q = |p 1 − p 2 |. We now discuss the parameters entering the amplitude f (q). The constants: f = 1, m * = m, G + G ′ = 1 are fixed all along the further discussion, while we use two sets of parametrizations for the phenomenological part of the polarization operator. The first one corresponds to the choice in [28] , where
The second parametrization is suggested in this work:
Each [4, 5] . The difference is in the corresponding value of the critical wave vector q c , which is not known well from microscopic calculations. We also note that ρ c and q c are quite sensitive to the tuning of ρ ∆ and q ∆ parameters. The behavior of the QP interaction amplitude is shown in Fig. 4 . The parametrization (16) leads to q c ≃ 0.74 p F (that is less then p F ), while (17) , to q c ≃ p F . Fig. 4 also demonstrates 
2 ). The real divergence, that is exactly at the PCP, is reached at the point p F ≃ 2.602 m π and p F ≃ 2.598 m π correspondingly for the first and the second parametrizations.
IV. DIFFERENT SCENARIOS OF TOPOLOGICAL PHASE TRANSITIONS
Here we present the results for topological rearrangements of QP degrees of freedom based on the semimicroscopical QP interaction amplitude. The associated TPT are considered with respect to the density and the temperature changes and turns out to be of first or second order depending on π 0 polarization operator parameters (finally on the q c value).
The QP spectrum and the momentum distribution are determined by the set of equations (3), (4), (5) . The first equation permits an integration by parts, due to the assumed dependence (15) on the relative momentum q of the interaction amplitude
Then, it is convenient to apply a contracting iterations method for the solution of this set of equations. The case of T = 0 (when it is addressed) was modeled by
. First, we consider the results obtained within the model (16) where q c = 0.74 p F . The corresponding QP degrees of freedom evolution, driven by an increase of p F , is displayed in Fig. 5 . It has a continuous behavior according to the QCP scenario of the Fermi surface reconstruction. At the critical value p b F = 2.562 m π a bifurcation occurs, and a new root of the QP spectrum appears at the point p b = 0. Beyond the QCP, the QP momentum distribution possesses two sheets of the Fermi surface with coordinates p 1 and p 2 ≃ p F . The bubble region size (which is equal to p 1 ) increases continuously from the zero value with the further increase of p F .
Regarding Eq. (18), it is easy to write down the corresponding energy functional According to the continuous picture of the ground state evolution (Fig. 5 ), the energy shows a monotonic behavior as it is plotted on the left panel of Fig. 6 . The topological transition between the FL and the LB 2 states is of the second order. Now, we turn to the model (16) where q c ≃ p F . Let us first consider the right panel of Fig. 6 . It is seen that there are two different states in the interval 2.57 m π p F 2.58 m π . We note that in order to establish the coexistence of several solutions of the equations (4), (5), (18) it is steadily necessary [24, 25] to consider different initial conditions for the iteration procedure. Fig. 7 represents QP spectra and momentum distributions of coexisting states. At the value p F = 2.572 m π the ground state is the FL one (panel (a)), while there is also a LB 2 state (panel (b)) with a slightly higher energy value (see the right panel of Fig. 6 ). It is worth to emphasize that the bubble region has finite, not negligible size p 1 ≃ 0.6 p F . A first order phase transition takes place at the p F ≃ 2.573 m π value. Beyond the transition point, the LB 2 state (panel (d)) becomes energetically favored over the FL state (panel (c)). Finally, the local energy minimum of the functional (19) , corresponding to the FL state, becomes unstable [29] (for p F 2.581 m π ) and only the LB 2 ground state remains (the right panel of Fig. 6 ). shows that the entropy value corresponding to the LB 2 state, grows more rapidly as the temperature increases, than the one of the FL state. An interplay of the energy and the entropy balance leads to a first order TPT that is driven by the temperature. The free energy
behavior is given by the panel (c) and demonstrates the phase transition at the temperature T 1 ≃ 6.2 · 10 −2 ε 0 F . Finally, the panel (d) shows the density of states
To elucidate the temperature dependence, we present in diagram of neutron matter shown in Fig. 10 . The diagram consists of two regions: the first one corresponds to the FL phase of the system, while the other one, to the LB 2 phase. The regions are separated by the line T 1 (p F ) of the first order TPT. The diagram shows that neutron matter state topology is determined by the temperature in a quite narrow density interval.
V. ENERGETICS OF LB2 STATES
In this section, we elucidate why the system appears to be in the LB 2 phase. The energy functional (19) can be rewritten in the form
Here the interaction energy part is given by use of the structure function
Then, we address below the case of T = 0. The set of all possible QP momentum distributions with one or two sheets of the Fermi surface (that is the FL or LB 2 states) is specified by
The last equation follows from the normalization condition (5). This class is referred below as n 2 type QP distributions. In this case, the structure function is evaluated explicitly, the corresponding formulas are given in the Appendix. It is sufficient, due to (25) , to deal with one parameter. The convenient choice is η = p 2 − p 1 (the width of the occupied region in the QP momentum distribution) that defines distribution parameters
The value η = p F corresponds to p 1 = 0, p 2 = p F (the Fermi step). The decrease of η leads to a monotonic increase of p 1,2 . The behavior of the structure function S(q; [n 2 ]) = S(q; η) is shown by Fig. 11 (the left panel) .
Its explicit form corresponding to the Landau state (η = p F ), is well known
It is remarkable that in the other important case of thin (η ≪ p F ) n 2 type QP distributions that can appear by a first order TPT, one obtains This result is demonstrated well by Fig. 11 , and reflects the natural decrease of the momentum distributions overlap in the integral of Eq. (23) . As a consequence, this leads to a reduction of the interaction energy value
The kinetic energy, on the contrary, shows enhancement that is confirmed by the explicit result
The total energy value of n 2 type distributions in the limit η ≪ p F is given by
This function is plotted on Fig. 11 (the right panel) and reveals an evident minimum, that is
at the width value η c = p F 2/(3u) . Finally, we note that the E LB 2 energy value appears to be lower the Fermi liquid one
when the QP interaction is sufficiently strong. Indeed, if one characterizes the QP interaction amplitude by an effective coupling constant f (q) ∝ g, equations (32) and (33) show E LB2 ∝ √ g and E FL ∝ g behavior at the large g limit.
Thus, the appearance of LB 2 states is explained by the interplay between the kinetic and the interaction energy contributions. The existence of this energy minimum, generally, does not dependent on whether the Landau state is present or not. We remark that this simple explanation is limited by the n 2 set of QP momentum distributions. A generalization to a more complete class n α>2 could in principle reveal an instability of a LB 2 state with respect to some energetically favored one [24] . The solid proof of the existence of the LB 2 ground state comes from the direct solution of the equations (4), (5), (18) .
VI. CONCLUSION
In this article we have considered two scenarios of topological phase transitions in homogeneous neutron matter. The transitions occur between the Fermi liquid state and the other one with two sheets of the Fermi surface. The investigation was performed with the use of a semimicroscopical expression for the quasiparticle interaction amplitude in the vicinity of π 0 condensation point. The order of the phase transition is confirmed to be strongly dependent on the critical wave vector q c in agreement with more simplified formulations [24] . The first possibility for a rearrangement of the quasiparticle degrees of freedom is the second order topological phase transition. It occurs when q c < p F , and it corresponds to a quantum critical point scenario [6, 7, 18] of the Fermi surface reconstruction. The second possibility studied in this work is the first order topological phase transition. This case occurs when q c p F and it is connected with a sudden change in the quasiparticle momentum distribution and spectrum. The first order topological phase transition can be driven either by the density or the temperature changes. Thermodynamic functions and the phase diagram are calculated. It is shown that the influence of the temperature on the Fermi surface topology is essential in a quite narrow density region. A simple explanation of the origin of the first order topological phase transition at T = 0 is given.
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